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Outline	

 
 
Basic features of the Trojan Horse Method  
 
 
The Trojan Horse Method for resonant reactions 
 
 
Physics Case: The 12C(12C,α)20Ne and 12C(12C,p)23Na reactions 
 



 

ü  only x - A interaction 

ü  s = spectator (ps~0)  

EA > ECoul ⇒  

Basic principle: astrophysically relevant two-body σ from quasi-free 
contribution of an appropriate three-body reaction 

A + a → c + C + s      à à à      A + x → c + C 
a: x ⊕ s clusters 

S 

c 
A 

a 

C 

Direct break-up 

x 

2-body reaction 

NO Coulomb suppression 

NO electron screening 

plays a key role in compensating  for 
the beam energy 

Eq.f. = Eax  = mx /(mx + mA )EA – Bx-s    (±  intercluster motion) 

Eq.f. ≈ 0   !!! 



PWIA hypotheses: 
 
-  A does not interact simultaneously with x and s 
 
-  The presence of s does not influence the  A-x   
  interaction 
 

KF  kinematical factors  
 
⏐Φ⏐2 momentum distribution of 
s inside a 
 
dσoff/dΩ Nuclear cross section 
for the A+x→C+c reaction 
 

A + a → c + C + s  à à à      A + x → c + C 

but  No absolute value of the cross section à normalization to direct data 
available at higher energies 

A. Tumino et al., PRL 98, 252502 (2007) 

d3σ
dΩcdΩCdEc

∝  KF ⋅ Φ(
sp )

2 dσ off

dΩ    

dσoff/dΩ à dσ/dΩ (on shell)  
the penetration factor Pl has to be introduced: 



Standard R-Matrix approach cannot be applied to extract the resonance parameters à 
Modified R-Matrix is introduced instead 

In the case of a resonant 
THM reaction the cross 
section takes the form 

Mi(E) is the amplitude of the transfer reaction (upper vertex) that can be easily calculated 
à The resonance parameters can be extracted 

The A + a(x+s) → F*(c + C) + s process is a transfer to 
the continuum where particle x is the transferred 
particle 

Advantages: 
§  possibility to measure down to zero energy 
§  No electron screening 
§  HOES reduced widths are the same entering the OES S(E) factor  (New!) 

a 

A 

x 
s 

F* 
C 

c 



Binary	
reaction	

Indirect	
reaction	

Elab	 Q	 Accelerator	

1 7Li(p, α)4He 2H(7Li, α α)n 19-22	 15.122	 TANDEM 13 MV 
LNS-INFN, Catania 

Spitaleri et al. PRC,1999, 
Lattuada et al. ApJ, 2001 

2 7Li(p, α)4He 7Li(3He, α α)d 33	 11.853	 CYCLOTRON, 
Rez, Praha 

Tumino et al. EPJ, 2006 

3 6Li(p, α)3He 2H(6Li, α 3He)n 14,25	 1.795	 TANDEM 13 MV 
LNS-INFN, Catania 

 Tumino et al. PRC, 2003 

4 9Be(p, α)6Li 2H(9Be, α 6Li)n 22	 -0.099	 TANDEM  
CIAE, Beijing 
TANDEM 13 MV 
LNS-INFN, Catania 

Wen  et al. PRC, 2008, 
Wen et al. JPG 2011 

5 11B(p, α)8Be 2H(11B, α 8Be)n 27	 6.36	 TANDEM 13 MV 
LNS-INFN, Catania 

Spitaleri et al. PRC, 2004, 
Lamia et al. JPG, 2011 

6 15N(p, α)12C 2H(15N, α 12C)n 60	 2.74	 CYCLOTRON, 
 TAMU, College Station 
TANDEM 13 MV 
LNS-INFN, Catania 

La Cognata et al. PRC, 2008 

7 18O(p, α)15N 2H(18O, α 15N)n 54	 1.76	 (CYCLOTRON, 
 TAMU, College Station 
TANDEM 13 MV 
LNS-INFN, Catania 

La Cognata et al. PRL 2008, 

8 19F(p, α)16O 2H(19F, α 16O)n 50,55	 8.11	 TANDEM 13 MV 
LNS-INFN, Catania 

La Cognata et al. ApJ Lett., 
2011 
Indelicato et al. ApJ 2017 

       
9 

17O(p, α)14N 2H(17O, α14N)n 45	 -1.032	 TANDEM 13 MV 
LNS-INFN, Catania 
TANDEM 11 MV 
Notre Dame 

Sergi et al. PRC  (R), 2010 
Sergi et al PRC 2016 



Binary	
reaction	

Indirect	
reaction	

Elab	 Q3	 Accelerator	 Ref.	

10 18F(p ,α)15O 2H(18F, α15O)n 48	 0.65	 CYCLOTRON 
CNS-RIKEN, Tokyo 

11 10B(p, α)7Be 2H(10B, α7Be)n 27	 -1.078	 TANDEM 13 MV 
LNS-INFN, Catania 

12 6Li(d,α)4He 6Li(6Li,αα)4He 5

4.8	

20.9	 TANDEM  
Demoscritos,Atene 
TANDEM, 
IRB, Zagreb 

Cherubini et al. ApJ, 1996 
 
Spitaleri et al .PRC, 2001 

13 6Li(d,α)4He 6Li(6Li,αα)4He 6	 20.9	 CYCLOTRON 
Rez, Praha 

Pizzone et al. PRC,  2011  

14 3He(d,α)1H 6Li(3He,p4He)4He 5,6	 16.878	 DINAMITRON, 
Bochum 

La Cognata et al. 2005 

15 2H(d,p)3H 2H(6Li,p3He)4He 14	 2.59	 DINAMITRON, 
Bochum 

Rinollo et al. EPJ 2005 

16 2H(d,p)3H 2H(3He,p3H)1H 18	 -1.46	 CYCLOTRON, 
Rez, Praha 

Tumino et al. PLB 2011 
Tumino et al. APJ 2014 

17 2H(d,n)3He 2H(3He,n3He)1H 18	 -2.224	 CYCLOTRON 
Rez, Praha 

Tumino et al. PLB 2011 
Tumino et al. APJ 2014 

18 9Be(p,d)8Be 9Be(d,d8Be)n 18	 -1.66	 TANDEM 13 MV 
CIAE, Beijing Qungang Wen et al.2016  

19 6Li(n,a)3H 2H(6Li, t α)1H 14 2.224 TANDEM 13 MV 
LNS-INFN, Catania 

Tumino et al.,EPJ A 2005 
Gulino et al., JPG 2010  

Cherubini et al. PRC 2015 
Pizzone et al. EPJ 2016 
Spitaleri et al. PRC 2014 
Spitaleri et al. PRC 2017 



Binary	
reaction	

Indirect	
reaction	

Elab	 Q	 Accelerator	 Ref.	

20 17O(n,a)14C 17O(n, a14C)1H 43.5 -0.40
7 

TANDEM 11 MV 
Notre Dame 
TANDEM 13 MV 
LNS-INFN, Catania 

Gulino et al. PRC(R) 2013 

21 13C(a,n)16O 13C(6Li, a n)16O 7.82 3.85 TANDEM  
FSU, Tallaassee, 
Florida, USA 

La Cognata et al. PRL 2013 
La Cognata et al ApJ 2013 

22 12C(12C,a)20Ne 
12C(12C,p)23Na 
 

12C(14N,a20Ne)2H 
12C(14N,p23Na)2H 
 

30 -5.65 
-8.03 

TANDEM  13 MV 
LNS-INFN, Catania 

 23   12C(a,a)12C 
 

13C(6Li, a n)16O 20 0 TANDEM 13 MV 
LNS-INFN, Catania 

Spitaleri et al. EPJ 2000 

 
24 

1H(p,p)1H 2H(p,pp)n 5,6 2,224 CYCLOTRON 
ATOMKI,Debrecen 
 TANDEM  
IRB, Zagreb 
TANDEM 13 MV 
LNS-INFN, Catania 
TANDEM 5 MV 
Napoli University 

Tumino et al. PRL 2007 
Tumino et al. PRC 2008 

Tumino et al. submitted  

25
0 

7Be(n,a)4He 
 

2H(7Be,aa)1H 43.5 16.7 TANDEM  LNL-
INFN, Catania 

Under analysis 

25
0 

719F(a,p)22Ne 
 

6Li(19F,p22Ne)2H 6 1.2 IRB, Zagreb, 
TANDEM 

Pizzone et al. ApJ 2017 
D’Agata et al in prep. 
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The world's first tandem accelerator 
installed at Chalk River in 1959. 

Molecular resonances in the 12C+12C fusion 
reaction measured by Almqvist et al., in 
1960The world’s first tandem accelerator 

Installed at Chalk River in 1959	

Molecular resonances in the 12C+12C 
fusion reaction	
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Great interest in a wide range of stellar burning scenarios in carbon-rich environments 
such as  late evolutionary stages of stars with more than 8 M¤  

       superbursts from accreting neutron stars 
       Sne Ia  

  
Carbon burning temperature from 0.5 to 1.2 GK  à Ecm from 1 to 2 MeV 
 
Principal reactions:  
 12C(12C,α)20Ne            + 4.617 MeV  
 12C(12C,p)23Na            + 2.241 MeV 
12C(12C,n)23Mg            - 2.599 MeV 
12C(12C,γ)24Mg            +13.933 MeV 
12C(12C,2α)20Ne          -0.113 MeV   
 

The most frequent results of the interaction  

Considerable efforts to measure the 12C+12C cross section at astrophysical energies:  
                             
                M.G. Mazarakis & W.E. Stephensen, Phys. Rev. C 7 1280 (1973) 
                 K. U. Kettner et al., Phys. Rev. Lett. 38, 337 (1977) 
                 H.W. Becker et al., Z. Phys. A 303, 305 (1981)  

L. Barron-Palos et al., Nucl. Phys. A 779, 318 (2006) 
E.F. Aguleira et al.,Phys. Rev. C 73, 064601 (2006)  
 T. Spillane et al., Phys. Rev. C 73, 064601 (2006)  

 T. Spillane et al., Phys. Rev. Lett. 98, 122501 (2007) 
B. Bucher et al., Phys. Rev. Lett. 114, 251102 (2015) 

C.L. Jiang et al., Phys. Rev. C 97, 012801(R) (2018) 
… ... ...      
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extrapolations differ by 
3 orders of magnitude 

large uncertainties 
in astrophysical models  

of stellar evolution 
and nucleosynthesis 

Resonances at nearly every 300 keV down to Ecm = 2.14 MeV. They 
would increase the present nonresonant reaction rate of the 
alpha(proton) channel by a factor of 5(2) . 



By comparing the cross sections for the three carbon isotope systems, 12C+12C, 12C+13C, and 
13C+13C, it is found that the cross sections for 12C+13C and 13C+13C provide an upper limit for 
the fusion cross section of 12C+12C over a wide energy range (M. Notani et al. PRC 85 (2012) 014607)  
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Wigner Limit

R=7.3 fm
R=6.4 fm

R e s o n a n t s t r u c t u r e 
smeared in the 12C+13C and 
13C+13C systems, due to the 
much higher level density in 
their compound nuclei. 

With the lowest energy 
point different upper 
limit (change in fusion 
barrier parameters)   

No	definite	conclusion!	
à Thus,	further	measurements	extending	down	to	at	least	1	MeV	would	be	extremely	important.	



 12C(12C,α)20Ne and 12C(12C,p)23Na reactions via the Trojan Horse Method applied to the 
12C(14N,α20Ne)2H and 12C(14N,p23Na)2H three-body processes 
                                                                                                                    2H from the 14N  as  spectator s 
 
Observation of 12C cluster transfer in the 12C(14N,d)24Mg* reaction         (R.H. Zurmȗhle et al. PRC 49(1994) 5)  

QUASI-FREE MECHANISM 

ü  only 12C - 12C interaction 

ü d = spectator   

E14N =30 MeV> ECoul 

NO Coulomb suppression 

NO electron screening 

CC

C

N

C

mm
m

m
m

1212

12

14

12

+
⋅ EQF = E14N                                                  -10.27 MeV 	

⇒	

14N 

12C 

12C 

d 

24Mg* 
20Ne,23Na 

a,p 



20Ne+α+d and 23Na+p+d reaction channels reconstructed 
when detecting the ejectile of the two-body reactions 
(either α (black dots) or p (green dots)) in coincidence 
with the spectator d particle.  
No detection of 20Ne or 23Na quite low energy à too 
high detection threshold 

E14N=30 MeV	
Particle identification supplied by silicon telescopes: 
38 µm silicon detector as ΔE- and  1000 µm Position 
Sensitive Detector (PSD) as E-detector 

T3  (7° - 35°) 

T4  (40° - 65°) 

12C	
14N	beam	

T2  (7° - 35°) 

T1 (40° - 65°) 



α0+20Ne+d	α1+20Ne*+d	p0+23Na+d	p1+23Na*+d	



Comparison between the experimental momentum distribution and the 
theoretical one 

Momentum distribution of d inside 14N 
from the Wood-Saxon 12C-d bound state 
potential with standard geometrical 
parameters 
r0=1.25 fm, a=0.65 fm and V0=54.427 MeV  
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s
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=

Red lines and bands: R-matrix fits for all channels at the same time  
	Reduced widths for known levels are fixed to reproduce their total and partial widths as in 
Abegg & Davis, PRC 1991  
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FIG. 1. THM integrated coincidence yield for the four chan-
nels (a) ↵0

20Ne, b) ↵1
20Ne, c) p023Na and d) p123Na projected

onto the Ec.m. variable (black dots). Error bars account for
statistical and background subtraction, when applicable, com-
bined in quadrature). Middle light red lines and bands on top
of experimental data represent the result of the modified R-
matrix fits and related uncertainties.
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FIG. 2. S(E) factor obtained using the THM resonance pa-
rameters (black middle line). The upper and lower gray lines
mark the range arising from errors on resonance parameters
plus normalization to direct data from [12] (red filled cir-
cles) combined in quadrature. Other available direct data
in the Ec.m. range are reported as purple filled squares [6],
blue empty diamonds [8], blue filled stars [9] and green filled
triangles [10].
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FIG. 1. THM integrated coincidence yield for the four chan-
nels (a) ↵0

20Ne, b) ↵1
20Ne, c) p023Na and d) p123Na projected

onto the Ec.m. variable (black dots). Error bars account for
statistical and background subtraction, when applicable, com-
bined in quadrature). Middle light red lines and bands on top
of experimental data represent the result of the modified R-
matrix fits and related uncertainties.
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FIG. 2. S(E) factor obtained using the THM resonance pa-
rameters (black middle line). The upper and lower gray lines
mark the range arising from errors on resonance parameters
plus normalization to direct data from [12] (red filled cir-
cles) combined in quadrature. Other available direct data
in the Ec.m. range are reported as purple filled squares [6],
blue empty diamonds [8], blue filled stars [9] and green filled
triangles [10].
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FIG. 1. THM integrated coincidence yield for the four chan-
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20Ne, c) p023Na and d) p123Na projected

onto the Ec.m. variable (black dots). Error bars account for
statistical and background subtraction, when applicable, com-
bined in quadrature). Middle light red lines and bands on top
of experimental data represent the result of the modified R-
matrix fits and related uncertainties.
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mark the range arising from errors on resonance parameters
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in the Ec.m. range are reported as purple filled squares [6],
blue empty diamonds [8], blue filled stars [9] and green filled
triangles [10].



THM (this holds for indirect in general) measurements are unique tools to 
investigate reactions or energy ranges difficult to study otherwise 
 
Fields of interest: astrophysics, applied physics, nuclear structure, 
fundamental interactions 
 
However, guidance by direct data and normalization to them is necessary 
not to incur in systematic errors 
 
à A synergic application of direct and indirect approaches is the best 
guarantee of accurate reaction rates for astrophysical applications 
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Further step: R-matrix fits on all channels at the same time in the full energy range of 
interest  à 

12C+12Càα1+20Ne*	

12C+12Càp0+23Na	

12C+12Càp1+23Na*	

12C+12Càα0+20Ne	

3

TABLE I. Resonance parameters, relevant references and involved reaction channels

Ecm (MeV) Ex (MeV) J
⇡ �c.m., �↵0 , �↵1 , �p0 , �p1 ref

2.588 16.526 6
+

[? ]

2.537 16.470 6
+

[? ]

2.5 16.433 7
�

[? ]

2.455 16.388 2
+

[? ]

2.403 16.336 4
+

[? ]

2.369 16.302 8
+

[? ]

2.338 16.271 4
+

[? ]

2.263 16.196 6
+

[? ]

2.196 16.129 3
�

[? ]

2.038 15.971 odd, 3
�

[? ]

1.946 15.879 4
+

[? ]

1.888 15.821 odd (9-?) 3
�

[? ]

1.853 15.786 4
+

[? ]

1.777 15.71 4
+

[? ]

1.747 15.68 0
+

[? ]

1.671 15.604 2
+

[? ]

1593 15.526 6
+

[? ]

1.544 15.477 2
+

[? ]

1.503 15.436 2
+

[? ]

1.4 15.33 4
+

(several) [? ]

1.2 15.13 4
+

[? ]

0.95 14.9 2
+

[? ].

0.65 14.58 2
+

ref.33 di [? ]

0.5 14.45 2
�

ref.33 di [? ]

0.42 14.35 3
�

[? ]

0.23 14.16 4
+

[? ]

tained in ? ]. In the case of an isolated resonance with
only one value of li, lf , Si and Sf contributing, (orbital
angular momenta and channel spins for the initial i and
final f channels), it takes the form:

The background-subtracted d2’ dEc:m: d d cross
section is displayed as full symbols in Fig. 1. The
error budget affecting experimental data comprises
statistical, back- ground subtraction, and angular
integration uncertainties. The horizontal error bars give
the width of the -13C relative-energy bins. Figure 1
clearly shows the presence of several resonances in the
13C- relative energy spectrum at 3keV,810 keV, and 1 :

02MeV.Thesepeakscorrespondto17Ostatesat6.356MeV (J

I. METHODS

In the THM, the low-energy cross section of a A(x, c)C

reaction is obtained by selecting the quasi-free (QF) con-
tribution to a suitable A(a, cC)s reaction that is mea-
sured. In QF kinematics, particle a, chosen for its x� s

cluster structure, is used to transfer the participant clus-
ter x for the reaction with A, while the other constituent
cluster s remains spectator to the A(x, c)C sub-process.
... In the case of a multi-resonance A(x, c)C reaction, a
modified R-matrix approach has been developed by A.M.
Mukhamedzhanov [21] to extract the reduced widths �

from the THM reaction yield. This differs from the stan-
dard R-matrix (Lane Thomas 1958) as it considers the
half-off-energy-shell (HOES) character of the TH cross
section. In this framework, assuming that the A(x, c)C

reaction of interest proceeds via isolated non-interfering
resonances, the THM cross section in the plane wave im-
pulse approximation [22,23] is given by:

d
2
�

dExAd⌦s
= NF

X

i

(2Ji + 1)

⇥

�����

s
kf(ExA)

µcC

p
2Pli(kcCRcC)Mi(pxARxA)�

i
cC�

i
xA

Di(ExA)

�����

2

(2)

where NF is a normalization factor, kf (ExA) =p
2µcC(ExA +Q)/~ with Q the reaction Q-value, Pli the

penetration factor in li�wave, RxA and RcC the channel
radii.

Mi(pxARxA) =
(BxA i � 1) jli(⇢)� ⇢

@jli(⇢)

@⇢

�

⇢=pxA RxA

(3)

[? ], where jli(⇢) is the spherical Bessel function, pxA =p
2µxA(ExA +Bxs)/~ (Bxs the binding energy of the

a = (x s) system), BxA i an arbitrary boundary condition
chosen as in ? ] to yield the observable resonance param-
eters and Di(ExA) the standard R-matrix denominator
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resonances, the THM cross section in the plane wave im-
pulse approximation [22,23] is given by:
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where NF is a normalization factor, kf (ExA) =p
2µcC(ExA +Q)/~ with Q the reaction Q-value, Pli the

penetration factor in li�wave, RxA and RcC the channel
radii.
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[? ], where jli(⇢) is the spherical Bessel function, pxA =p
2µxA(ExA +Bxs)/~ (Bxs the binding energy of the

a = (x s) system), BxA i an arbitrary boundary condition
chosen as in ? ] to yield the observable resonance param-
eters and Di(ExA) the standard R-matrix denominator
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TABLE I. Resonance parameters, relevant references and involved reaction channels

Ecm (MeV) Ex (MeV) J
⇡ �c.m., �↵0 , �↵1 , �p0 , �p1 ref

2.588 16.526 6
+

[? ]

2.537 16.470 6
+

[? ]

2.5 16.433 7
�

[? ]

2.455 16.388 2
+

[? ]

2.403 16.336 4
+

[? ]

2.369 16.302 8
+

[? ]

2.338 16.271 4
+

[? ]

2.263 16.196 6
+

[? ]

2.196 16.129 3
�

[? ]

2.038 15.971 odd, 3
�

[? ]

1.946 15.879 4
+

[? ]

1.888 15.821 odd (9-?) 3
�

[? ]

1.853 15.786 4
+

[? ]

1.777 15.71 4
+

[? ]

1.747 15.68 0
+

[? ]

1.671 15.604 2
+

[? ]

1593 15.526 6
+

[? ]

1.544 15.477 2
+

[? ]

1.503 15.436 2
+

[? ]

1.4 15.33 4
+

(several) [? ]

1.2 15.13 4
+

[? ]

0.95 14.9 2
+

[? ].

0.65 14.58 2
+

ref.33 di [? ]

0.5 14.45 2
�

ref.33 di [? ]

0.42 14.35 3
�

[? ]

0.23 14.16 4
+

[? ]

tained in ? ]. In the case of an isolated resonance with
only one value of li, lf , Si and Sf contributing, (orbital
angular momenta and channel spins for the initial i and
final f channels), it takes the form:

The background-subtracted d2’ dEc:m: d d cross
section is displayed as full symbols in Fig. 1. The
error budget affecting experimental data comprises
statistical, back- ground subtraction, and angular
integration uncertainties. The horizontal error bars give
the width of the -13C relative-energy bins. Figure 1
clearly shows the presence of several resonances in the
13C- relative energy spectrum at 3keV,810 keV, and 1 :

02MeV.Thesepeakscorrespondto17Ostatesat6.356MeV (J

I. METHODS

In the THM, the low-energy cross section of a A(x, c)C

reaction is obtained by selecting the quasi-free (QF) con-
tribution to a suitable A(a, cC)s reaction that is mea-
sured. In QF kinematics, particle a, chosen for its x� s

cluster structure, is used to transfer the participant clus-
ter x for the reaction with A, while the other constituent
cluster s remains spectator to the A(x, c)C sub-process.
... In the case of a multi-resonance A(x, c)C reaction, a
modified R-matrix approach has been developed by A.M.
Mukhamedzhanov [21] to extract the reduced widths �

from the THM reaction yield. This differs from the stan-
dard R-matrix (Lane Thomas 1958) as it considers the
half-off-energy-shell (HOES) character of the TH cross
section. In this framework, assuming that the A(x, c)C

reaction of interest proceeds via isolated non-interfering
resonances, the THM cross section in the plane wave im-
pulse approximation [22,23] is given by:

d
2
�

dExAd⌦s
= NF

X

i

(2Ji + 1)

⇥

�����

s
kf(ExA)

µcC

p
2Pli(kcCRcC)Mi(pxARxA)�

i
cC�

i
xA

Di(ExA)

�����

2

(2)

where NF is a normalization factor, kf (ExA) =p
2µcC(ExA +Q)/~ with Q the reaction Q-value, Pli the

penetration factor in li�wave, RxA and RcC the channel
radii.

Mi(pxARxA) =
(BxA i � 1) jli(⇢)� ⇢
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[? ], where jli(⇢) is the spherical Bessel function, pxA =p
2µxA(ExA +Bxs)/~ (Bxs the binding energy of the

a = (x s) system), BxA i an arbitrary boundary condition
chosen as in ? ] to yield the observable resonance param-
eters and Di(ExA) the standard R-matrix denominator= Standard R-matrix denominator of four-channel 

formulas  	

 
 
IMPORTANT: reduced widths are the same for the extraction of the S(E) 
factors à From the fitting of the experimental THM cross section they can be 
obtained and used to deduce the OES S(E) factor. 
 

Reduced widths for known levels are fixed to reproduce their total and 
partial widths as in Abegg & Davis, PRC 1991 


